124       V     HILBERT SPACES
fa = (lxn), and the verification of the axioms of vector spaces is trivial.
On the other hand, from the Cauchy-Schwarz inequality, we have
l(*JjOI<WMLM^
Therefore, if x = (xn) and y = (yn) are in E, the series (of real or complex
numbers) ((xn \ yn)) is absolutely convergent. We define, for x = (xn) and
00
y = (yn) in E, the number (x\y) = £ (*„ |>v); it is immediately verified
n=i
that the mapping (x, y) -»(x \ y) is a Hermitian form on E. Moreover we
oo
have (x\x) = ]T ||#J2, hence (x\y) is a positive nondegenerate hermitian
rc=l
form and defines on E a structure of prehilbert space. We finally prove E
is in fact a Hilbert space, in other words it is complete. Indeed, let (x(m)),
where x(m) =04m)), be a Cauchy sequence in E: this means that for any
e > 0 there is an m0 such that for p^m0 and q ^ m0, we have
(6.4.1)	Sll^-^ll2^.
n~l
For each fixed n, this implies first ||^p) — x(nq)\\2 < g, hence the sequence
(x^)m=i,2,~ is a Cauchy sequence in En, and therefore converges to a
limit yn. From (6.4.1) we deduce that for any given N
N
Z
ll V(P) —   Y^ll2  < P
II *n	*n    II     ^ £
n=l
as soon as p and q are ^mQ, hence, from the continuity of the norm, we
N
deduce that £ ||^p) - yn\\2 < s for p^m0, and as this is true for all
n=l
00
integers  N,   we   have   £ \\x(np) - yn\\2 < e.   This   proves   first   that  the
w=l
sequence (x(np) — yn) belongs to E, hence y — (yn) also belongs to E, and
we have \\x(p} -y\2 ^ e for p^m0, which ends the proof by showing
that the sequence (#(m)) converges to y in E.
We say that the Hilbert space E thus defined is the Hilbert sum of the
sequence of Hilbert spaces (En). We observe that we can map each of the
En into E by associating to each xn e En the sequence jn(xn) e E equal to
(0, ..., 0, xn, 0,...) (all terms 0 except the nth equal to xn); it is readily
verified that jn is an isomorphism of Ew onto a (necessarily closed) subspace
E,; of E; jn is called the natural injection of Ew into E. From the definition
of the scalar product in E, it follows that for m^n, any vector in E^, is
orthogonal to any vector in E^; furthermore, from the definition of the
norm in E, it follows that for any x = (xn) e E, the series O'nCO) is convergent

